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Abstract 

We find that the first Hurwitz triplet possesses two distinct arithmetic structures. 
The standard arithmetic structure: as Shimura curves X±, X2, X3, whose levels with 
norm 13, the actions of their automorphism group PSL(2, 13) are defined over the real 
subfield Q(cos^r) of the cyclotomic field Q(e~^). The exotic arithmetic structure: as 
noncongruence modular curves Y±, Y2, I3 with level 7, the actions of their automorphism 
group PSL(2, 13) are defined over the cyclotomic field Q(e^). 

1. Introduction 

A classical theorem of Hurwitz asserts that a Riemann surface S of genus g > 1 
can have at most 84 (g — 1) automorphisms, and a group of order 84(gr — 1) is the 
automorphism group of some Riemann surface of genus g if and only if it is generated 
by an element of order two and one of order three such that their product has order seven. 
In that case the quotient of S by the group is the Riemann sphere, and the quotient 
map S — > CP 1 is ramified above only three points of CP 1 , with the automorphisms of 
orders two, three, seven of S appearing as the deck transformations lifted from cycles 
around the three branch points (see [E12]). 

A Riemann surface with the maximal number 84(g — 1) of automorphisms, regarded 
as an algebraic curve over C, is called a Hurwitz curve of genus g. Hurwitz curves can be 
characterized in terms of their uniformization by the hyperbolic plane H. Any Riemann 
surface S of genus greater than one can be identified with M./tti(S); conversely, any 
discrete co-compact subgroup V C Aut(EI) = PSL(2,WL) that acts freely on EI (that 
is, every point has trivial stabilizer) yields a Riemann surface H/T of genus greater 
than one whose fundamental group is I\ The automorphism group of H/T is A^(T)/r, 
where iV(r) is the normalizer of T in Aut(H). It follows that H/T is a Hurwitz curve if 
and only if N(T) is the triangle group £2,3,7 of orientation-preserving transformations 
generated by reflections in the sides of a given hyperbolic triangle with angles ^, ^, 
j in EL Equivalently, Y is to be a normal subgroup of £2,3,7- Since £2,3,7 has the 
presentation 

£2,3,7 = (02, 03,07 : 02 = erf = a 7 = a 2 cr 3 a 7 = 1) 
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with <jj being a 2it / j rotation about the n/j vertex of the triangle, this yields a char- 
acterization of the groups that can occur as Aut(S') = £2,3,7/1". We can identify the 
Hurwitz curves S with a Shimura curve by recognizing £2,3,7 as an arithmetic group in 
PSX(2,R), and tti(S) with a congruence subgroup of £2,3,7 (see [E12]). 

In the theory of Riemann surfaces, the first Hurwitz triplet is a triple of distinct 
Hurwitz curves with the identical automorphism group of the lowest possible genus, 
namely 14 (genera 3 and 7 admit a unique Hurwitz curve, respectively the Klein quartic 
curve (see [K2]) and the Fricke-Macbeath curve (see [F] and [Ml])). It was studied by 
Shimura (see [Sh]) and Macbeath (see [M2]). The explanation for this phenomenon is 
arithmetic. Namely, in the ring of integers of the real subfield Q(cos ^) of the cyclotomic 

field Q(e 2 r L ), the rational prime 13 splits as a product of three distinct prime ideals. 
The principal congruence subgroups defined by the triplet of primes produce Fuchsian 
groups corresponding to the triplet of Riemann surfaces. Each of the three Riemann 
surfaces in the first Hurwitz triplet can be formed as a Fuchsian model, the quotient 
of the hyperbolic plane by one of these three Fuchsian groups, which is just the model 
of Shimura curves. We call it the standard arithmetic structure on the first Hurwitz 
triplet. 

In the present paper, we find that the first Hurwitz triplet possesses an exotic arith- 
metic structure. Consequently, we give a different arithmetic explanation for this phe- 
nomenon. Our main result is as follows: 

Theorem 1.1. (Main Theorem). The first Hurwitz triplet possesses two distinct 
arithmetic structures. 

(1) The standard arithmetic structure: as Shimura curves X\, X2, X%, whose levels 
with norm 13, the actions of their automorphism group PSL{2, 13) are defined 
over the real subfield Q(cos -y : ) of the cyclotomic field Q(e~^ L ). 

(2) The exotic arithmetic structure: as noncongruence modular curves Y\, Yi, Y-& 
with level 7, the actions of their automorphism group PSL{2, 13) are defined 
over the cyclotomic field Q(e~). 

In order to explain Theorem 1.1, let us recall that the list of all arithmetic subgroups 
of PSX(2,R) is exhausted up to commensurability by Fuchsian groups derived from 
quaternion algebras over totally real number fields (see [Ka]). If this field is Q and 
the quaternion algebra is isomorphic to M 2 (Q), the full matrix algebra over Q, then 
the quotient space M./T is not compact but has finite volume, and V is commensurable 
with the modular group; in all other cases M/F is compact. Now, we need the following 
theorem, which is a hyperbolic and slightly non-standard version of arithmeticity criteria 
which in essence are due to Weil (see [L]). Namely: 

Theorem 1.2. Let X be a smooth complex curve which can be written as a quotient 
X ~ M/G, where G C PSL(2,W) is commensurable with a Fuchsian triangular group. 
Then X can be defined over a number field. 
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It may be useful to add Belyi theorem, which has to do with the converse of the 
above statement. We state for clarity the corresponding hyperbolic version. 

Theorem 1.3. (Hyperbolic unramified version of Belyi theorem). A smooth 
complex curve X can be defined over a number field if and only if there exists a finite 
set Z C X such that the affine curve X = X\Z is uniformized by a Fuchsian group 
G C PSL(2,R) with G commensurable to PSL(2,Z). 

Later on, we will use the other version of Belyi theorem. Let us recall that one 
particular aspect of the modular group V = PSL(2 7 Z) is the balance (or rather the 
lack of it) between its congruence and noncongruence subgroups (see [J]). Among the 
arithmetic subgroups (those of finite index) in T, the congruence subgroups have proved 
to be the most important and the most widely studied. Nevertheless, it has been 
known for some time that, in a certain sense, most of the arithmetic subgroups of V 
are noncongruence subgroups. One tends to regard congruence subgroups as, in some 
vague sense, "known" , and it would make the study of V a great deal simpler if these 
were the only arithmetic subgroups. However, as is often the case, low-dimensional 
behavior is subtle, the modular group V = PSL(2, Z) is truly exceptional, and it does 
indeed possess noncongruence subgroups. By comparison, all finite index subgroups of 
PSL{n,Z), for n > 3, are congruence! The arithmetic of noncongruence subgroups is 
very interesting, because it is not encompassed in the Langlands program per se. We 
will study the extraordinary phenomena exhibited by the noncongruence subgroups and 
the connections with representation theory. The importance of finite index subgroups 
of T comes from the following: 

Theorem 1.4. (The other version of Belyi theorem). Any smooth compact 
complex projective curve defined over Q can be realized (in many ways) as a modular 
curve for a finite index subgroup of V. 

Belyi's theorem tells us that, viewed simply as algebraic curves, noncongruence mod- 
ular curves are very general, and that we should not expect them to have any special 
arithmetic properties. On the other hand, the uniformization of noncongruence modular 
curves by the upper half-plane is quite special, and leads to surprising consequences. By 
Belyi theorem, Shimura curves over totally real fields are also modular curves of some 
finite index, often noncongruence, subgroups of V. In fact, for the Klein quartic curve of 
genus three, Klein (see [K2]) found that the action of its automorphism group PSL(2, 7) 
is defined over the field Q(e™). In his paper [Sh], Shimura proved that the model of 
Shimura curves and the model of congruence modular curves are complex analytically 
isomorphic. Moreover, he found that both models have Q(e~^) as their natural field 
of definition. For the Fricke-Macbeath curve of genus seven, besides the realization of 
Shimura curves (see [Sh]), Wohlfahrt (see [W2]) gave the realization of noncongruence 
modular curves with level seven. Macbeath (see [Ml]) obtained the canonical model 
for this curve, which is defined over the field Q(e~P). The action of its automorphism 
group PSL(2, 8) is defined over the field Q(e^). 

In contrast to the Hurwitz curves with genera three and seven, we find that the 
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Hurwitz curves of genus fourteen possesses two distinct arithmetic structures. This is 
the background of Theorem 1.1. 

In order to prove Theorem 1.1. we construct a six-dimensional representation of the 
simple group PSL(2 7 13) of order 1092 on the five-dimensional projective space 

P 5 = {(zi, z 2 , z 3 , z±, z 5 , ze) : Zi e C (i = 1, 2, 3, 4, 5, 6)}. 



In particular, this representation is defined over the cyclotomic field 
precisely, put 
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where C = exp(27rz/13). Let G = {S,T}. We prove that G = PSL(2, 13). Furthermore, 
we find three different kinds of representations of G as (2, 3, 7)-generated groups, which 
correspond to the conjugacy classes 7A, 7B and 7C of G, respectively. Put 



(2,3,n;p) := 



u,v : u 



= v 2 = (uv) n = (u- 1 v~ 1 uv) p = 1). 



Now, we can give the results: 

The first model: x\ = y\ = (xiyi) 7 



1, where 



xi 





-c 12 




C 8 


-c 9 


c 7 


-c 5 


c 4 - 


C 11 


c 4 - 


-C 12 \ 




-c 3 


c 3 -c 4 


c 8 


-c 11 




-c 4 


c 11 - 


-c 6 




-c 8 


c 7 


-c 8 


c 


u -c 


c- 


-c 10 


c 12 


-c 7 


c 12 - 


-c 10 


c 8 


-c 2 


c 8 


-c 6 


C 2_ C 9 


c 


-c 9 


c 4 


-c 


c 2 - 


-c 6 


c 5 


-c 4 


c 9 


-c 3 


c 7 -c 2 


c 5 


-c 3 


c 6 - 


_ c io 


c io. 


-c 9 


c 5 


-c 2 


V c 6 


-c 


c 


3 -c 


c 11 


-c 5 


c 6 


-c 5 


c 2 - 


c 12 


c 12 


-e) 








/ 








-c 





^ 


























-c 9 
































-c 3 










yi 




c 12 
































c 4 


























V o 





c io 








o J 









(1.3) 



(1.4) 



5 



(^i,2/i> = (2,3,7; 7). 
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The third model: x 3 
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(x 27?/2 ) = (2,3,7;6). 
(^32/3) 7 = 1, where 
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(^37 2/3) — (2, 3, 7; 13) with an extra condition (see Theorem 3.3). 
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_1 y 2 1 an d -23 = ^3 1 2/3 1 correspond to the conjugacy classes 



Here, z\ 

7 A, 7B and 7C, respectively. Moreover, 

(xi, yi) = (x 2 , 2/2) = (x3, 2/3) = G. 



(1.9) 



It is well-known that the modular group V = PSL{2, Z) is generated by the following 
linear fractional transformations: 



Tt = t + 1, St=-- 
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Let P = ST. Then 

Pr- 1 



r+1 

Here, S 2 = P s = 1. Let fa : V — > PGL(6, C) be three representations where 

fa-.S^yi, P^ Xl , T~ x ^z^ (i = 1,2,3). (1.10) 



Let Yi = M/Gi be the compactification of M/Gi where Gi — kerfa. Then 

T/G 1 =T/G 2 = T/G 3 = PSL(2,13). (1.11) 

G±, G2 and. G$ are noncongruence normal subgroups of level 7 of V. The actions of 
T/G\, T/G2, r/G3 and r/r(13) on Yi, Y2, Y3 and A"(13), respectively, are defined only 
over the cyclotomic field Q(C)- As a (2, 3, 7)-generated group, by Riemann-Hurwitz 
formula, we have 

2,7 - 2 = 1092 (l- I -I -I). (1.12) 



Hence (7 = 14, which is of genus of W/Gi for i = 1,2,3. Therefore, Yi, Y 2 and Y3 
must be Hurwitz curves. By Macbeath's theorem (see Theorem 3.7), there are only 
three Hurwitz curves with genus 14. Hence, Yi,Y 2 ,Y 3 must be complex analytically 
isomorphic to Xi,X 2 ,X 3 . Note that X 1 ,X 2 ,X 3 correspond to the conjugacy classes 
7 A, 7B, 7C, respectively, and Y 1 ,Y 2 ,Y 3 also correspond to the conjugacy classes 7 A, 
7B, 7C, respectively. This implies that Yj is complex analytically isomorphic to X\ for 
i = 1, 2, 3. This complete the proof of Theorem 1.1. 

It is well-known that the genus of the modular curve X (p) = M./T Q (p) for prime 
p is zero if and only if p = 2, 3, 5, 7, 13. In his paper [Kl], Klein studied the modular 
equations of orders 2, 3, 5, 7, 13 with degrees 3, 4, 6, 8, 14, respectively. They are 
the so-called Hauptmoduln (principal moduli). In [K], Klein investigated the modular 
equation of degree six in connection with the Jacobian equation of degree six, which can 
be used to solve the general quintic equation. In [K2] and [K3] , he studied the modular 
equation of degree eight in connection with the Jacobian equation of degree eight, which 
can be used to solve the algebraic equation of degree eight with Galois group PSL{2, 7). 
However, he did not investigate the last case, the modular equation of degree fourteen. 
In this paper, we find the Jacobian equation of degree fourteen, which corresponds to 
the modular equation of degree fourteen. As an application, we obtain the following 
quartic four-fold 

(z s zl + zizl+z 2 zl)-(z6zf + z 4: z 2 + z 5 zl) + 3(z 1 z 2 Z4Z 5 +z 2 z 3 z 5 ze+z s z 1 Z6Z4) = 0, (1.13) 

which is invariant under the action of the simple group G. It is a higher-dimensional 
counterpart of the Klein quartic curve (see [K2]) and the Klein cubic threefold (see 
[K4]). ' 
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Note that the Hurwitz curves of genus 14 are are non-hyperelliptic. This leads us 
to study their canonical models in P 13 and the corresponding fourteen-dimensional 
representation. We construct such a representation which is induced from our six- 
dimensional representation. 

This paper consists of five sections. Section two and section three are devoted to the 
proof of Theorem 1.1. Namely, in section two, we give the standard arithmetic structure 
on the first Hurwitz triplet. In section three, we give a six-dimensional representation of 
PSL(2, 13) defined over Q(e"^r) and the exotic arithmetic structure on the first Hurwitz 
triplet. In section four, we give a seven-dimensional representation of PSL(2, 13) which 
induces from our six-dimensional representation and the Jacobian equation of degree 
fourteen. In section five, we give a fourteen-dimensional representation of PSL(2, 13) 
associated to the canonical model of the first Hurwitz triplet in P 13 , which also induces 
from our six-dimensional representation. 

2. Standard arithmetic structure on the first Hurwitz triplet 

The existence of a quaternion algebra presentation for Hurwitz curves is due to 
Shimura [Sh]. An explicit order was briefly described by Elkies in [Ell] and in [E12]. 
We follow the concrete realization of (^2,3,7 in terms of the group of elements of norm 
one in an order of a quaternion algebra, given by Elkies in [Ell] and [E12] (see [KSV]). 

In this section, let K denote the real subfield of Q(p), where p is a primitive seventh 
root of unity. Thus K = Q(rj), where the element rj = p + p~ x satisfies the relation 

rf + rf - 2r] - 1 = 0. 

There are three embeddings of K into M, defined by sending 77 to any of the three real 
roots of the above equation, namely 

2?r 4tt 6tt 

2 cos — , 2 cos — , 2 cos — . 
7 7 7 

We view the first embedding as the natural one K <^-> R, and denote the others by 
(7i , U2 : K — > ffiL Note that 2 cos ^ is a positive root, while the other two are negative. 

Let D be the quaternion X-algebra K(i,j) with i 2 = j 2 = 77, ji = —ij. Let O C D 
be the order defined by O = OK[i,j], where Ok is the ring of integers in K. Then 
O = 7i[rf][i, j]. Fix the element r = 1 + rj + t] 2 , and define an element j' G D by setting 
j' = |(1 + r]i + rj). We define a new order Qn UT C D by setting 

The group of elements of norm 1 in the order Qhui-, modulo the center {±1}, is isomor- 
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phic to the (2, 3, 7) group. Indeed, Elkies gave the elements 

1 

92 = -y, 

V 

97 = 1 [(r - 2) + (2 - 77 2 )z + (r - 3)ij] , 

satisfying the relations g\ = = g% = — 1 and #2 = 9793, which therefore project to 
generators of £2,3,7 C PSL(2,M). In fact, the Hurwitz order is generated, as an order, 
by the elements (72 and #3, so that we can write Qmir = OkXqi-, 93]- A basis for the 
order QHur as a free module over X[rf\ is given by the four elements 1, (72, #3 and gi g 3 . 
Moreover, for every ideal / C Ok, we have an isomorphism 

Qrut/IQuut = M 2 {O k /I). 

Now, we can give the model of Shimura curves for the first Hurwitz triplet (see 
[KSV]). The quotient <2Hur/13<2Hur can be analyzed as follows. Since the minimal 
polynomial A 3 + A 2 — 2A — 1 factors over F13 as (A — 7) (A — 8) (A — 10), we obtain the 
ideal decomposition 

130^ = (13,7/ -7) (13,r/ -8) (13, 7/ -10), (2.1) 

and the isomorphism 0^/(13) — > F i3 x F i3 x F i3 defined by 77 \-> (7, 8, 10). In fact, one 
has 

13 = r/(r/ + 2)(2r/-l)(3-2r/)(r/ + 3), 

where 77(77 + 2) is invertible, and the other factors generate the ideals given above, in 
the respective order; therefore, (2.1) can be rewritten as 

1W K = (277 - 1)O k ■ (3 - 2 v )O k ■ (v + S)O k . (2.2) 

The three prime ideals define a triplet of principal congruence subgroups as follows: 

Qk ur (J) = {xe Q^ ur : x = l(mod /Qnur)}, 

where / C Ok is an ideal and Qjjur * s the g rou P of elements of norm 1 in Qhui-- One 
therefore obtains a triplet of distinct Hurwitz curves of genus 14. All of them have the 
identical automorphism group PSL{2, 13) realized as the quotient 

Qi UI /Qi UI (I)^PSL(2,13), 



whose actions are denned over the real subfield Q(cos 4^) of the cyclotomic field Q(e ? ) 

3. Six-dimensional representations of PSL{2, 13) defined over Q(e^nr) 
and exotic arithmetic structure on the first Hurwitz triplet 



In this section, we will study the six-dimensional representation of the simple group 
PSL{2, 13) of order 1092, which acts on the five-dimensional projective space 

P 5 = {{z u Z2, z 3 , z 4 , z 5 , z 6 ) : Zi eC (i = 1, 2, 3, 4, 5, 6)}. 



Let ( = exp(27ri/13) and 



f#i=C + C 3 + C 9 , 

2 = c 2 + c 6 + c 5 , 

3 = c 4 + c 12 +c 10 , 
l0 4 = c 8 + c n + c 7 . 



We find that 



f 01 + 02 + 03 + 04 = -1, 

0102 + 0103 + 0104 + 0203 + 0204 + 0304 = 2, 
010203 + 010204 + 010304 + 020304 = 4, 
k 01020304 = 3. 

Hence, 0i, 02, 03 and 04 satisfy the quartic equation 

z 4 + z 3 + 2z 2 - Az + 3 = 0, 
which can be decomposed as two quadratic equations 

2 1 + VT3 5 + ^^ f 2 l-v 7 !^ 5 — a/13', 

^ + — ^ — * + — ^ — U + — ^ + — ^— I = o 



(3.1) 



over the real quadratic field Q(vl3). Therefore, the four roots are given as follows: 



*i,2 = g 



Z3,4 = ~ 



1 / 1 + VT3 , /— 13 — 3\/l3 I 1 



j = ^-1 - >/l3 ± - 6^^) , 



Z' 1 - v 7 !^ , l-13 + 3^/T3\ 1 



± 



1 + v^i V-26 + 6V13 I • 
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Note that 

t-> //, \ 27T Git 5tv 2tv 6tv 5tv 

Re Pi = cos h cos cos — > 0, Im tM = sin f- sin sin — > 0. 

v ' 13 13 13 v 13 13 13 



We have 



Similarly, 



01 = | (-1 + VlS + + 6^^) 



Re(0 2 )<O, Im(0 2 )>O, 2 = - [ 1 



13 + v^e-ev^ . 



Re(0 3 ) > 0, im(0 3 ) < 0, 1 ( + v ''13 



-26 + 6V13 



Re(0 4 ) < 0, im(0 4 ) < 0, 4 = J ^-1 - v 7 !^ - ^-26 - 



Moreover, we find that 



r 0i + 3 + o 2 + 04 = -i, 

01 + 03 - 02 - 04 = V 7 !^, 



V-13 + 2V r L3, 



0! — 3 — 2 + 04 — 



k 0i - 03 + 02 - 04 = V - 13 - 2v/ l3 



(3.2) 



Let 



M 




c 3 - c 10 

C 9_ C 4 

c-c 12 




N = 




Then MAT = NM = -VlSI and M 2 + N 2 = -13/. Put 



1 f-M N 
13 I N M 



(3.4) 



Then S 2 = I. In fact, 



/-sinff 



S 



2i 



sin 



13 
13 



sinff 
sinff 
sin ^ 



sin 



13 



-sinff 
sinff 

-sinff 
sinff 
sinff 



sin 



3tt 
13 



sinff 
-sinff 
-sinff 



sin 



sin 



3tt 

13 

4tt 

13 



sinff 
sinff 
sin ff 
sinff 
sinff 



— sin 



5-7T 

13 



4"7T 

Sln T3 

sinff 
sinff 
sinff 
-sinff 
sinff 



sinff \_ 
sinff 

47T 

Sln l3 

-sinff 
sinff 
sinff 



(3.5) 



11 



Note that 



sin sin ff sin f§ 
sin sin ^ sin || 



-13+3V13 
2 



which is a fundamental unit of Q(yl3). Let 

A 7 

c 11 

c 8 



T = 



\ 



(3.6) 



c 5 / 



Theorem 3.1. Let G = (S,T). Then G = PSL(2,13). 
Proof. We have 



ST = 





c 4 - 


-c 8 


c 8 


-c 


c 12 - 


-c 4 


c n -c 


c 4 


- 1 


c 11 - 


-c 12 


\ 




_ c io 


c 2 


-c 7 


c 7 - 


-c 9 


c 8 -c 4 


c 8 


-c 9 




- 1 


1 


c 11 


-c 3 




-c 12 


c 5 - 


c 11 


c 12 -i 


c 7 - 


-c 10 


c 7 - 


-c 3 






c 12 


-c 2 


1 


-c 9 


c- 


c 2 


c 7 -c 5 


c 5 - 


-c 12 


c- 


c 9 






c 9 


-c 5 


c 4 


-c 5 


1 - 


c 3 


c 9 -c 3 


c 11 


-c 6 


c 6 - 


-c 4 


/ 




V i 


-c 


c 3 


-c 6 


c 10 - 


-c 6 


c 2 - c 10 


c 3 


-c 


c 8 - 


-c 2 



On the other hand, 

(ST)' 1 = T~ 1 S 



(3.7) 





( c 


-c 7 


c 3 


-c 9 


c io 


-c 2 


c 11 


-c 


c 8 - 


c 4 


c 12 


- 1 \ 




c 12 


-c 5 


c 6 


-c 11 


c- 


-c 3 


c 4 - 


- 1 


c 8 - 


c 9 


c 7 - 


c io 


1 


c 9 


-c 


c 4 


-c 6 


c 2 


-c 8 


c 11 - 


-c 12 


c 10 - 


- 1 


c 7 - 


c 3 


Vis 


c 12 


-c 2 


c 9 


-c 5 


1 


-c 


c 8 - 


-c 6 


c io_ 


-c 4 


c 3 - 


c 11 




1 - 


-c 9 


c 4 


-c 5 


c 3 


-c 6 


c- 


c 8 


c 7 - 


c 2 


c 12 - 


c io 




V c- 


-c 2 


1 


-c 3 




-c 6 


c 4 - 


c 12 


c 9 - 


c 7 


c 11 - 


-c 5 / 



We will calculate (ST) 2 = -^(a^). Without loss of generality, we will compute au, 
i = 1,2,3,4,5,6. Here, 

a n = -2C - 2C 2 + 2C 3 - 2C 9 + 2C 10 + 2C 11 - C 5 + C ? - 

By the identity 

v / i3 = C + C 12 + C 3 + C 10 + C 9 + C 4 -C 5 -C 8 -C 2 -C 11 -C 6 -C 7 , (3.8) 
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we have 

(C 5 -C 7 )v / 13 = 2C + 2C 2 - 2C 3 + 2C 9 - 2C 10 - 2C 11 + C 5 - C 7 - 



Hence, an = 


-(C 5 -C 7 )^- Similarly, 




ai2 = 


-2C 2 - 2C 4 + 2C 5 - 2C 7 + 2C 8 + 2C 10 - C 3 + C 9 


= -(C 3 -C 9 )v / 13, 


ai3 = 


-2 + 2C 3 + 2C 5 - 2( 7 - 2C 9 + 2C 12 + C 2 - C 10 = 


= -(C 10 -c 2 )Vi3, 


a i4 = 


2 + 2C 4 + 2C 5 - 2C 7 - 2C 8 - 2C 12 + C U - C = - 


(C 11 - C) Vi3, 


ai5 = 


2 + 2C + 2C 3 - 2C 9 - 2C 11 - 2C 12 + C 8 - C 4 = - 




a i6 = 


2( - 2C 2 + 2C 4 - 2C 8 + 2C 10 - 2C 11 + C 12 - 1 = 





The other terms can be calculated in the same way. In conclusion, we find that (ST) 2 = 
(ST) -1 , i.e., (ST) 3 = 1. Hence, we have 

S 2 = T 13 = (ST) 3 = 1. (3.9) 

Let u = ST and v = S. Then uv = STS. Hence, 

u 3 =v 2 = (uv) 13 = 1. (3.10) 

According to [S], put 

(2,3,n;p) := (u,v : u 3 = v 2 = (uv) n = (u^v^uvf = 1). 

Let P = (uv) -1 and Q = (uv) 2 u. Then u = P 2 Q and v = P 3 Q. In [S], Sinkov proved 
the following: 

Theorem 3.2. (see [S]). Two operators of periods 2 and 3 generate the simple group 
of order 1092 if and only if they satisfy one of the following sets of independent relations: 

A: (2, 3, 7; 6), 

B : (2, 3, 7; 7), 

C: (2,3,7);(Q 2 P 6 ) 3 = 1, 

D : (2,3,13);(Q 3 P 4 ) 3 = 1. 

In our case, P = ST^S and Q = ST 3 . We have 





( c 

e- 


-c 9 


c 4 - 


-c 10 


c 2 


-c 7 




- 1 


c 8 - 


-c 4 


c 8 - 


-c 9 \ 




-c 11 


c 11 


-c 3 


c 10 


-c 12 


c 7 - 


-c 3 


c 12 


- 1 


c 7 - 


_ c io 


1 


c 12 


-c 4 


c 6 


-c 8 


c 8 


-c 


c 11 - 


-c 12 


c 11 


-c 


c 4 


- 1 




i - 


-c 3 


c 9 


-c 5 


c 4 


-c 5 


c 6 - 


-c 4 


c 9 - 


-c 3 


c 11 


-c 6 






-c 6 


1 


-c 


c 3 


-c 6 


c 8 - 


-c 2 


c 2 - 




c 3 


-c 




v C- 


-c 2 


c 12 


-c 2 


1 - 


-c 9 


c- 


c 9 


c 7 - 


•c 5 


c 5 - 


-c 12 / 



(3.11) 
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Q 2 = 



Q 3 = 



Q 4 



Q 5 = 



Q 6 = 



/C 3_ C 8 X _ C 2 

c-c 3 c-c 7 

i - c 6 c 9 - c 

c-c 2 c 2 -c 5 

C 10_! C 9_ C 5 

\C 6 -C 2 C 12 -i 



1 



/ r-c 

i-C 9 

AlO _ £ll 

c 9 -c 7 
c 6 -i 
v c 6 -c 

/c 12 -c 2 
c 5 -c 
c 12 -i 
c 9 -c 7 
c 2 -c 9 

V C 5 -i 



c 12 - c 8 
c 8 -c 9 

i-C 3 

c 2 -c 9 
c 3 -c n 
c 2 -i 

c 4 -i 
c 4 -c 5 
c 6 -c 9 
c 6 - 1 
c 3 -c n 
c 5 -c 3 



c 3 -c 9 

i-C 5 

c 9 - c 11 
c 4 - 1 
c 5 -c 6 
c 3 -c 6 

i-C 

c 4 -c 7 
c 7 -c 3 
c 5 - 1 
c 5 -c 3 
c-c 8 

c 2 -c 3 
c 10 -i 
c 10 - c 6 
c 6 -c 
c 2 -i 
c-c 8 



C 11_ C 12 

i -c 3 
c n -c 7 
c 10 - c 5 
c 12 -c 10 

i-C 7 

c 6 -c 4 

i-C 7 

c 12 - c 7 
c 2 - c 12 

i-C 4 

c 3 -c 2 

c 6 -c 4 
c 4 -c n 

i-C 8 

c-c 11 
c 8 - c 12 
c-i 



c 8 -c n 
c 8 -c 4 

i-C 
i-C 11 

c 12 - c 6 
c 4 - c 12 

c 4 - c 11 
c 2 - c 10 

i-C 11 

c-c 5 
c 5 -c 4 

!_ c io 
i-C 7 

c 2 - c 10 
c 10 - c 8 
c 9 -i 
c 9 -c 8 
c 7 -c 4 



i-C 9 \ 

c 7 -c 8 
c 7 - c 10 
c 10 - c 4 

i-C 8 

c 4 -c 2 / 

i-C 8 \ 

c 10 - c 8 
c 5 - c 12 

i-C 12 

c 9 -c 6 
c 6 -c 10 / 

c 12 - C 7 \ 

i-C 11 

c 5 - c 12 

c ii_ c io 

c 3 -i 
c 3 -c 7 / 



(3.12) 



(3.13) 



c 5 

-11 



/C io 
i-C 1 

c 10 - c 4 
c 2 -c 
c 5 -c 2 

V i-C 4 
/C 4 -C 6 

c 3 -c 9 
c 6 -c n 

i-C 3 

c 9 -c 5 
Vc 4 -c 5 



c 12 
c 12 



c 10 
c 6 

i-C 8 
i-C 10 

c 5 -c 9 
c 6 -c 5 

c 2 -c 8 
c 10 - c 2 
c-c 3 
c 10 - c 6 

i-C 

c 3 -c 6 



i -c 7 

c 4 - c 12 
c 4 -c 2 
c 2 -c 6 

i-C 12 

c 6 -c 3 

c 9 -c 
c 5 -c 7 
c 12 - c 5 
c-c 2 
c 12 - c 2 

i-C 9 
Q 7 = l. 



C 12_ C 11 
C H _ C 8 

c 9 -i 

c 3 -c 8 

i-C 2 

c 3 -c 9 

c 10 -i 
c 8 -c 4 
c 8 -c 9 
c 9 -c 7 
c 10 - c 4 
c 7 -c 2 



c 3 -i 
c 4 -c 8 



c 7 -c n \ 
c-i 



(3.14) 



c 8 -c 7 c 10 -c 7 



c-c 3 
c-c 7 

i-C 5 

c 7 -c 3 
c 12 -i 
c 7 - c 10 

c 3 - c 11 
c 12 - c 10 



i -c 6 
c 9 -c 
c 9 -c n / 



(3.15) 



c n -c 
c 4 - 1 
c 4 - c 12 
c 8 -c 6 
c-c 8 / 



(3.16) 
(3.17) 



On the other hand, 



P 4 = 



1 

c 2 -c 7 
c 6 -c 8 
c 2 - c 11 
c 5 -c 6 
vc 8 -c n 



c 2 -c 7 
c n -i 
c 5 - c 11 
c 7 -c 8 
c 5 -c 8 
c 6 -c 2 



c 6 -c 8 c 2 -c n 

c 5 -c n c 7 -c 8 

c 8 -i c 2 -c 5 

c 2 -c 5 c 6 -i 

c n -c 7 c n -c 6 

c 6 -c 7 c 7 -c 5 



c 5 -c 6 
c 5 -c 8 

C H _ C 7 
C H _ C 6 

c 2 -i 

c 8 -c 2 



C*-t LL \ 

c 6 -c 2 
c 6 -c 7 
c 7 -c 5 
c 8 -c 2 

C 5 -i / 
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We have 



Q 3 P 4 = 



/C 7 -C 5 

c 6 -c 



c 2 -c 9 

C ll _ C 6 

c 4 -c 2 



C 10_ C 7 C 6_ C 

c 10 -c c 12 -c 



10 



-11 



(Q 3 P 4 ) 2 = 



1 



v c 5 - c 4 

C 8_ C 6 

c 4 - c 11 
c 8 -c 3 

c 6 - c 10 
Vc 4 -c 3 



c 12 - c 9 

c 7 -c 
c 7 -c 2 

c 10 -c 

C 12_ C 11 

c 2 - c 12 



C 10 _ C 5 

c 5 -c 3 
c 8 -c 2 
c 4 -c 3 
c 2 - c 12 
c 4 -c 8 

c 12 - c 7 

C ll _ C 9 
C ll _ C 5 

c 5 -c 4 

C 12 _ C 9 

c 4 -c 8 



c 6 -c 3 

C 12 _ C 3 

c 9 -c 8 
c 6 -c 8 
c-c 7 
c 7 - c 12 

c 6 -c 3 
c 3 -c 7 

C 10 _ C 9 

c 5 -c 7 
c 9 -c 2 
c 5 - c 10 



C 3_ C 7 C 10_ C 9, 

c 2 -c c-c 11 



c 5 -c 9 
c 3 -c 8 

C 2_ C 7 C 8_ C 10 



c 4 -c 

C ll _ C 4 



c 9 - c 11 

C 12 _ C 3 

c 2 -c 
c-c 11 
c 6 - c 12 
c 6 - c 11 
c 3 -c 5 



C 5_ C H/ 

c 9 -c 8 \ 



c 4 -c 
c 5 -c 9 
c-c 6 
c 2 -c 4 
c 2 -c 8 / 

and (Q 3 P 4 ) 3 = —I. Note that in the projective coordinates, this means that (Q 3 P 4 ) 3 = 
1. Hence, we prove that the elements u and v above satisfy the following relations: 
(2, 3, 13) and (Q 3 P 4 ) 3 = 1, which is a presentation for the simple group PSL{2, 13) of 
order 1092 by Theorem 3.2. Since the group is simple and the generating matrices are 
non-trivial, we must have G = (u,v) = PSX(2,13). Hence, (P,Q) = (S,T) = G. This 
completes the proof of Theorem 3.1. 



Theorem 3.3. Let x 3 = QP 2 and y 3 = Q 5 P 2 . Then (x 3 ,y 3 ) = G. 
Proof. We have 



□ 



QP 



( 


1 - 


-c 


c- 


c 4 


c 3 - 


c 12 


c 9 - 


-c 4 


c 12 - 


-c 10 


c 9 - 


-C 3 \ 


c- 


c 4 


1 - 


c 9 


c 9 - 


c 10 


c 3 - 


-c 


c 3 - 


-c 10 


c 4 - 


-c 12 




c 3 - 


c 12 


c 9 - 


c 10 


1 - 


c 3 


c 10 - 


-c 4 


c- 


-c 9 


c- 


c 12 




c 9 - 


-c 4 


c 3 - 


-c 


C 10 " 


-c 4 


1 - 


c 12 


c 12 


-c 9 


c 10 


-c 




c 12 - 


-c 10 


c 3 - 


c 10 


c- 


c 9 


c 12 - 


-c 9 


1 - 


c 4 


c 4 - 


-c 3 


v c 9 - 


-c 3 


c 4 - 


c 12 


c- 


c 12 


c 10 


-c 


c 4 - 


-c 3 


1 - 


c 10 / 




/C 12 

c 5 


-c 3 


c 6 - 


-c 5 


c 2 - 


-c 12 


c 5 


-c 11 


c 


-c 6 


c- 


-c 3 \ 




-c 4 


c 4 


-c 


c 2 


-c 6 


c £ 


-c 


c 6 


-c 8 


c 9 - 


-c 2 




c 5 


-c 2 


c 6 - 


-c 10 


c 10 


-c 9 


c 3 


-c 5 


c 3 


-c 9 


c 2 - 


-c 7 




c 2 


-c 8 


c 7 - 


-c 12 


c 10 


-c 12 


c- 


-c 10 


c 7 


-c 8 


c 11 


-c 




c 12 


-c 4 


c 5 - 


-c 7 


c 11 


-c 4 


c 8 


-c 9 


c 9 


-c 12 


c 11 


-c 7 




Vc 8 - 


-c 10 


c 4 - 


-c 10 


c 6 - 


-c 11 


c 8 


-c 11 


c 7 


-c 3 


c 3 - 


-c 4 / 



(QP ) = 





( c-c 10 


c 8 - 


-c 9 


c 8 - 


-c 11 


c 11 


-c 5 


c- 


-c 9 


c 5 






c 7 -c 8 


c 9 - 


c 12 


c 7 


-c 3 


c 6 


-c 


c 8 


-c 6 


c 9 


-c 3 


1 


c n -c 


c 11 - 


-c 7 


c 3 


-c 4 


c 3 


-c 


c 2 


-c 9 


c 7 


-c 2 




c 8 -c 2 


c 4 - 


c 12 


c 10 


-c 8 


c 12 


-c 3 


c 5 


-c 4 


c 5 


-c 2 




c 12 - c 7 


c 7 - 


•c 5 


c 10 


-c 4 


c 6 


-c 5 


c 4 


-c 


c 6 - 


-c 10 




Vc 12 -c 10 


c 4 - 


c 11 


c 11 


-c 6 


c 2 - 


-c 12 


c 2 


-c 6 


c 10 


-c 9 / 



(3.18) 
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(QP 2 ) 3 = I. (3.19) 



Q 5 P 2 = 







-c 5 


c 4 


-c 8 


c 2 


-c 


c 4 


-c 6 


c 9 


-c 2 


c- 


-c 6 


\ 




c 5 


-c 9 


c 7 


-c 6 


c io 


-c 7 


c 9 


-c 2 


c io 


-c 2 


c 3 


-c 5 


1 


c 12 


-c 11 


c 6 


-c 3 


c 11 


-c 2 


c 


-c 6 


c 3 


-c 5 


c 12 


-c 5 




v/13 


c 7 


-c 9 


c 11 


-c 4 


c 7 - 


-c 12 


c 5 


-c 8 


c 9 


-c 5 


c 11 


-c 12 






c 11 


-c 4 


c 11 


-c 3 


c 8 - 


_ c io 


c 8 


-c 4 


c 6 


-c 7 


c 3 


-c 6 






U 7 - 


-c 12 


c 8 - 


-c 10 


c 8 


-c 


c 


-c 2 


c 7 - 


_ c io 


c 2 - 


-c 11 


/ 



(3.20) 

(Q 5 P 2 ) 2 = -I. (3.21) 

Note that in the projective coordinates, this means that (Q 5 P 2 ) 2 = 1. 
Let P = Q 4 and Q = P 2 . By P 13 = Q 7 = 1, we have 

F = Q28 = 1; q13 = p26 = L 

Put x 3 = P 2 Q and y 3 = P 3 Q. Then 

x 3 = QP 2 , y 3 = Q 5 P 2 - 
By (QP 2 ) 3 = 1 and (Q 5 P 2 ) 2 = 1, we have x% = y\ = 1. Moreover, 

x 3 ys = QP 2 -Q 5 P 2 = Q 3 -(Q 5 P 2 ) 2 = Q 3 . 

Hence, (X31/3) 7 = 1. On the other hand, 

(q 2 p 6 ) 3 = (p 4 g 3 ) 3 . 

Note that (Q 3 P 4 ) 3 = 1. This implies that (P 4 Q 3 ) 3 = 1. Thus, x 3 and y 3 satisfy the 
following relation: (2,3,7); (Q 2 P 6 ) 3 = 1. By Theorem 3.2, we have (x 3 ,ys) = G. This 
completes the proof of Theorem 3.3. 

□ 

Let us present some details about G and its character table. For G, there are irre- 
ducible characters of degrees 

1, 7 (twice), 12 (3 times), 13, 14 (twice), 

where the sum of squares of the degrees is the group order: 

l 2 + 2 • 7 2 + 3 • 12 2 + 13 2 + 2 • 14 2 = 1092. 

There are also irreducible characters of degrees 

6 (twice), 12 (3 times), 14 (3 times), 



16 



LEI YANG 



where the sum of squares of the degrees is the group order: 

2 • 6 2 + 3 • 12 2 + 3 • 14 2 = 1092. 

The group G has order 1092, it has standard generators a and b of orders 2 and 3, 
respectively, such that ab has order 13. In table 1, we reproduce from [CC] some of 
the character table of G. In terms of the standard generators, representatives of the 
conjugacy classes are listed in Table 2 (see [MM]). 

Table 1. Some of the character table of PSL(2, 13) 
1A 2A 3A 6A 7A 7B 7C 13A 13B 



Xi 


1 


1 


1 


1 


1 


1 


1 


1 


1 


X2 


7 


-1 


1 


-1 











1-VT3 

2 


l+\/l3 
2 


X3 


7 


-1 


1 


-1 











l+\/l3 
2 


i-VTs 

2 


Xio 


6 











-1 


-1 


-1 


-1+VT3 

2 


-l-\/l3 
2 


Xn 


6 











-1 


-1 


-1 


-l-\/l3 
2 


-l+\/l3 
2 


Xl5 


14 





2 














1 


1 



Table 2. Representatives of the conjugacy classes of PSL(2, 13) 
and the order of the normalizer of a representative 



Conjugacy class 


Representative 


\N G ((h))\ 


1A 


Identity 


1092 


2A 


(abababb) 3 
(abababb) 2 


12 


3A 


12 


6A 


abababb 


12 


7A 


ababb 


14 


7B 


{ababbf 
(ababb) 4 


14 


7C 


14 


13A 


ab 


78 


13S 


abab 


78 



We have 



Tr(S) = 0, Tr(T) = 




Tr(£T) = 0. (3.22) 



Hence, the above six-dimensional representation corresponds to the character xn in 
Table 1. In terms of our six-dimensional representations of G, a = S, b = ST, ab = T. 



abab 2 = T 2 ST, (abab 2 ) 2 = (T 2 ST) 2 , (abab 2 ) 4 = (T 2 ST) 4 . 
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Note that Q = ST 3 , we have 

abab 2 = T 2 QT~\ (abab 2 ) 2 = T 2 Q 2 T~ 2 , (abab 2 ) 4 = T 2 Q 4 T~ 2 . 

We will give the other two six-dimensional representations of G: (xi,yi) and (x2,y2), 
such that z\ = , Z2 = x^ and zs = x% y% correspond to the conjugacy 

classes 7 A, 7B and 7C, respectively. 

It is well-known that the modular group V = PSL(2, Z) is generated by the following 
linear fractional transformations: 

Tt = t+1, St = - 1 



T 



Let P = ST. Then 

Pr 



r+1 



Here, S 2 = P 3 = 1. It is a discontinuous group acting on the upper half-plane EI = 
{r G C: Im r > 0}, and has a fundamental domain F given by |r| > 1, — | < Re r < -| 
and |r| = 1, — | < Re r < 0. The only fixed points in F of elliptic transformations of T 
are r = i (fixed by S) and r = p = e 27 ™/ 3 (fixed by P and -P -1 ); the local uniformizing 
variables are (r — i) 2 and (r — p) 3 respectively. In addition oo is fixed by the parabolic 
transformation T. The vertical sides of the boundary of F are mapped into each other 
by T and T -1 , and the curved side into itself by S. 

Now, we give some basic fact about subgroups of the modular group and permutations 
(see [ASD)]. Suppose that G is a subgroup of Y of finite index p. Then G has a connected 
fundamental domain D consisting of p copies of F, the transforms of F by a set of coset 
representatives for G in Y. If the elements of G conjugate in Y to S and P form 
respectively e2 and es conjugacy classes in G, then the boundary of F will have e2 and 
e% inequivalent fixed point vertices of orders 2 and 3 respectively. Suppose further that 
every element of G conjugate in Y to a nonzero power of T is conjugate in G to some 
power of one of 

T^\g 2 T^g-\--- ,g h T^g-\ (in G) 

where g\ = I, g2, ■ ■ ■ , gu are in Y, and no gig J 1 is in G. Then the boundary of F will have 
h inequivalent parabolic fixed point vertices (called cusps) at oo and at (7200, • • • ,5^00 
which are rational points on the real axis. We then have 

p = pi + p 2 H \- Ph 

and 

, , P h e 2 e 3 

q = 1 H , 

y 12 2 4 3 
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where g is the genus of the Riemann surface M/G. Following Wohlfahrt [Wl], we define 
the level / of G to be the least common multiple of /ii, ^2, • • • , fih- We write G N for the 
intersection of the conjugates of G in T, so that G N is the maximal normal subgroup of 
r contained in G. 

We consider permutations on \i letters named as the integers 1 to //, where 1 is 
specially distinguished. We say that a pair (s,p) of permutations is legitimate if s 2 = 
p 3 = I and the group E generated by s and p is transitive. If a is any element of 
T M , we write (s,p) ~ {asa~ x ,apa~ x ), and if a is any element of T M fixing 1, we write 
(s,p) ~i (ascr -1 ,apa~ x ). Then we have 

Theorem 3.4. (see [ASD]). There is a one-to-one correspondence between sub- 
groups of index [i in the modular group and equivalence classes of legitimate pairs of 
permutations (s,p) under the equivalence relation ~i. If G is a subgroup and (s,p) a 
representative of the corresponding equivalence class, then 

(1) e 2 and e% are the number of letters fixed by s and p respectively, 

(2) t = sp has h cycles of lengths /zi,--- , Hh> an d A*i ^ s the length of the cycle 
containing 1, 

(3) E is isomorphic to the factor group T/G N , 

(4) G is maximal if and only if V is primitive. 

In fact, the simple group PSL{2, 13) is a primitive group of degree 14 (see [Mi]). 
Theorem 3.5. Letx x =Q 6 -PQ 2 P 10 , yi = PQ 2 P 10 , x 2 = Q 5 -Q 5 P 2 -P 2 Q 6 P 8 -Q 5 P 2 
and y 2 = Q 5 P 2 ■ P 2 Q 6 P 8 ■ Q 5 P 2 . Then 

G = (x u yi) = (£2,2/2)- 

Proof. In [S], Sinkov studied the group P£X(2, 13) of order 1092 as a permutation 
group of degree 14 (see [S]), which we denote by Gio92- The 91 elements of order two 
contained in G1092 are all conjugate and it is sufficient to consider only one of them. 
We choose it to be 

s=(l,12)(2,ll)(3,10)(4,9)(5,8)(6,7). 

The largest subgroup of G1092 within which s is invariant is the dihedral group of order 
12 generated by 

(1,4,3,12,9,10)(2,8,6,11,5,7) 

and 

(1,12)(2,6)(3,4)(7,11)(9,10)(13,14). 



Under this subgroup the 180 remaining elements of order three are divided up into 16 
conjugate sets. Of these, two contain only six distinct elements each; the remaining 14 
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sets each contain 12 elements. In his paper [S], Sinkov gave below one member of each 
of these sets together with the order of its product with s which we denote by ord(ps). 

pi = (1, 13, 10)(2, 3, 6) (4, 9, 11)(5, 12, 7), ovd( Pl s) = 6, 
p 2 = pi, ord(p 2 s) = 6, 

Ps = (2, 10, 4)(11, 13, 5) (3, 6, 7)(8, 12, 9), ord(p 3 s) = 6, 
p 4 = pi, ord(p 4 s) = 6. 

p 5 = (3, 10, 12)(4, 6, 13)(5, 11, 8)(14, 9, 7), ord(p 5 s) = 3, 
p 6 =pt ord(p 6 s)=3. 

p 7 = (2, 11, 14) (3, 4, 8) (5, 9, 10) (6, 13, 7), ovd(p 7 s) = 2, 

p 8 = (1, 13, 12) (9, 4, 14) (3, 8, 6) (5, 10, 7), ord(p 8 s) = 2, 

p 9 = (2, 8, 9) (4, 14, 13)(5, 10, 6)(7, 12, 11), ord(p 9 s) = 7, 

pio = (2, 7, 8)(3, 10, 11)(5, 13, 9)(6, 12, 14), ord(p 10 s) = 13. 

Pll = (2, 3, 4)(6, 9, 11)(7, 12, 14)(8, 10, 13), ord(p llS ) = 7, 
Pi2=Pu, ord(pi 2 s) = 7, 

p 13 = (2, 14, 5)(3, 9, 13)(4, 7, 11)(8, 10, 12), ord(p 13 s) = 7, 
Pi4 = Pi3> ord(pi 4 s) = 7. 

p 15 = (1, 10, 6) (3, 8, 9) (4, 11, 12) (7, 13, 14), ord(p 15 s) = 7, 

pie = (1, 10,4)(3, 6, 14) (5, 12, 8) (9, 13, 11), ord(p 16 s) = 13. 

Since no group satisfying the relations (2, 3, 6) is simple, it is obvious that none of 
the first eight of the above elements when coupled with s will generate the entire group. 
P12 and P14 satisfy with s the same defining relations as do pn and P13, respectively. 

P9 is transformed into P15 by the substitution 

(1, 2) (3, 5)(4, 7) (6, 9)(8, 10)(11, 12)(13, 14) 

which is commutative with s. Similarly p w is transformed into p±Q by 

(1,7,10,5,9,11,12,6,3,8,4,2) 

which is also commutative with s. Hence there remain only pg, pio, pn and P13 to be 
considered. The orders of the commutators of pg, pn and P13 with s are respectively 
13, 6, 7. 

Let [a, b] := a~ 1 b~ 1 ab. We have 



pus = (1, 12, 14, 6, 4, 11, 7)(2, 10, 13, 5, 8, 3, 9), 
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[p 11 ,s] = (l,14,12,4,13,9)(3,7,6, 10,8,5). 



Hence, 



Hence, 



Hence, 



Hence, 



Let 



(pn,s>^(2,3,7;6). 
p 13 s = (1, 12, 5, 11, 9, 13, 10) (2, 14, 8, 3, 4, 6, 7), 
[p 13 , s] = (1, 5, 8, 12, 4, 14, 9) (2, 3, 10, 11, 7, 13, 6). 

(p 13 , S ) = (2,3,7;7). 
p 9 s = (1, 12, 2, 5, 3, 10, 7) (4, 14, 13, 9, 11, 6, 8), 
[p 9 ,s] = (1,2, 14, 11, 12, 8, 6, 10, 4, 9, 3, 7, 5). 

(P9,s)^(2,3,7;13). 
p 10 s = (1, 12, 14, 7, 5, 13, 4, 9, 8, 11, 10, 2, 6), 
[p 10 , s] = (1, 14, 12, 5, 9, 4, 8) (2, 13, 11, 3, 6, 7, 10). 

(p 10 ,s) ^(2,3,13; 7). 



5 D 2 



Then ^(pgs) = Q 3 . The map ^ is an isomorphism between the groups (p 9 , s) and 
(Q-P 2 , Q 5 P 2 ) = G. From now on, we assume that p 9 = QP 2 and s = Q 5 P 2 . Hence, 

Q = (Pos) 5 = (1, 10, 5, 12, 7, 3, 2) (4, 6, 9, 14, 8, 11, 13), 

P = [(p 9 s)- 5 p 9 ] 7 = (1, 6, 8, 14, 13, 2, 7, 3, 11, 12, 9, 10, 5). 

We have 

Vl :=Pg 2 P 10 = (2,8)(3,4)(5,12)(7,9)(10,14)(ll,13), (3.23) 
which is of order two, and 

x x := Q 6 ■ PQ 2 P 10 = (1, 8, 10)(2, 4, 11)(3, 9, 6)(5, 14, 7), (3.24) 

which is of order three. Then xiyi = Q 6 with order 7, and 

[xi, yi] = (1, 9, 13, 8, 2, 11, 7)(3, 4, 14, 5, 6, 12, 10), (3.25) 
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which is of order 7. On the other hand, 

P 2 Q 6 P 8 = (1, 10)(2, 6)(4, 5) (7, 9) (8, 14)(11, 12). 

y 2 :=Q 5 P 2 ■ P 2 Q 6 P 8 -Q 5 P 2 = (1, 2)(3, 12)(4, 6)(5, 14)(7, 11)(8, 9), (3.26) 
which is of order two, and 

x 2 := Q 5 ■ Q 5 P 2 ■ P 2 Q 6 P 8 ■ Q 5 P 2 = (1, 12, 10)(2, 11, 5) (4, 7, 14)(6, 13, 9), (3.27) 

which is of order three. Then £22/2 = Q 5 with order 7, and 

[x 2 , Wi\ = (1, 2, 6, 9, 8, 4)(3, 10, 12, 7, 13, 11), (3.28) 

which is of order 6. By Theorem 3.2, we have 

(xi,yi) = (3:2,2/2) = G. 
In the form of matrices defined over Q(C), we have 



PQ 2 P 10 = 



( 








-c 





^ 














-c 9 




















-c 3 


C 12 




















c 4 














V 





c io 








/ 



(3.29) 



2 D 10 



Q ■ PQ Z P 







-c 12 


c 11 


-c 7 


c 8 


-c 9 


c 7 


-c 5 


c 4 - 


-c 11 


c 4 - 


-c 12 \ 






-c 3 


c 3 - 


-c 4 


c 8 - 


-c 11 




-c 4 


c 11 


-c 6 




-c 8 


1 


C 7 


-c 8 


c 11 


-c 


c- 


-c 10 


c 12 


-c 7 


c 12 


_ c io 


c 8 


-c 2 ! 




c 8 


-c 6 


c 2 - 


-c 9 


c- 


-c 9 


c 4 


-c 


c 2 


-c 6 


c 5 


-c 4 




c 9 


-c 3 


c 7 - 


-c 2 


c 5 


-c 3 


c 6 - 


_ c io 


c io 


-c 9 


c 5 


-c 2 




V c 6 


-c 


c 3 


-c 


c 11 


-c 5 


c 6 


-c 5 


c 2 - 


-c 12 


c 12 


-el 



P 2 Q 6 P 8 



C 8_ C 5 

c 10 -c 

c 9 -c n 
c 8 -c 
vc 11 -c 3 



c 12 
c 7 - 
c 12 

c 8 



-c 3 
c 6 
•c 9 
-c 



c 3 -c 8 
c 7 -c 9 



c 4 -c 3 
c 4 -c 

C ll _ C 2 
C ll _ C 3 
C 7_ C 9 

c-c 7 



(3.30) 



£2 _ z-4 ^-12 _ z-5 ^-10 _ ^-2^ 

C 12_ C 5 C 5_ C 10 C 4_ C 6 

C 10_ C 2 C 4_ C 6 C 6_ C 12 

C 5_ C 8 C _ C 10 C 9_ C 10 

C 3_ C 12 C 6_ C 7 C 9_ C 12 

C 3_ C 4 C _ C 4 C 2_ C H/ 
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Q 5 P 2 



P 2 Q 6 P 8 ■ Q 

/c 7 -c 6 
c 8 -c 5 
c n -c 2 
c 4 -c 9 
c 12 -c 
Vc 10 -c 3 

Q5p2 . p2g6p 
C 9_ C 10 

c 9 - c 12 
c 2 - c 11 
c 2 - c 10 
c 6 -c 4 

V C 12_ C 6 



5p2 

c 8 -c 5 
c n -c 2 
c 7 -c 6 
c 12 -c 

c 4 -c 9 

■Q 5 P 2 

c 5 -c 8 
c 3 - c 12 
c 3 -c 4 
c 4 -c 2 
c 5 - c 12 
c 2 - c 10 



c n -c 2 
c 7 -c 6 
c 8 -c 5 

c 4 -c 9 
c 12 -c 



c-c 10 
c 6 -c 7 
c-c 4 
c 5 - c 12 
c 10 - c 5 
c 6 -c 4 



c 4 -c 9 
c 12 -c 
c 10 - c 3 
c 6 -c 7 
c 5 -c 8 
c 2 - c 11 

c 3 -c n 
c 9 -c 7 
c 7 -c 
c 4 -c 3 
c 4 -c 
c 11 - c 2 



c 12 -c 
c 10 - c 3 
c 4 -c 9 
c 5 -c 8 
c 2 -c n 
c 6 -c 7 

c 11 - c 9 
c-c 8 
c 3 -c n 
c 8 -c 5 
c 10 -c 
c 10 - c 9 



c 10 - C 3 \ 
c 4 -c 9 
c 12 -c 
c 2 - c 11 
c 6 -c 7 
c 5 -c 8 / 



c-c 8 \ 
c 8 -c 3 
c 9 -c 7 
c 12 - c 3 
c 7 -c 6 
c 12 -c 9 / 



(3.31) 



(3.32) 



This completes the proof of Theorem 3.5. 



□ 

By the above argument, we find that as a permutation group of degree 14, PSL(2, 13) 
has four presentations: (2, 3, 7; 6), (2, 3, 7; 7), (2, 3, 7; 13) and (2, 3, 13; 7). In each case, 
t = sp has h = 2 cycles of lengths \i\ and \i<i- For the representations of Sinkov: s, 
pg, piq, p\\ and P13, we have e 2 = 2 and e 3 = 2. On the other hand, for our three 
representations: {xi,yi) (i = 1,2,3), we also have e 2 = e 3 = 2. There are four cases: 

(1) PSL{2, 13) = (2, 3, 13; 7). Here, fi = 14, h = 2, e 2 = e 3 = 2, ^ = 13, [i 2 = 1. 
Hence, / = 13. 

(2) PSL(2,13) = (2, 3, 7; 6). Here, \i = 14, h = 2, e 2 = e 3 = 2, m = 7, ^ 2 = 7. 
Hence, / = 7. 

(3) PSL(2,1S) (2, 3, 7; 7). Here, fx = 14, h = 2, e 2 = e 3 = 2, = 7, ^ = 7. 
Hence, / = 7. 

(4) P5L(2,13) = (2, 3, 7; 13). Here, fi = 14, h = 2, e 2 = e 3 = 2, = 7, ^ 2 = 7. 
Hence, / = 7. 

In the notation of [ASD], the first case corresponds to the congruence subgroup Ti 3) i 
which is just To (13), the last three cases correspond to the noncongruence subgroup 
T 7 7 . In all of these cases, we have 



1 



14 
12 



2 
4 



2 
3 



0, 



i.e., g(M/Ti3 j i) = g(W/T7j) = 0. By the above theorem, we have 

r/r(i3) = r/r^ 7 ^ psl(2, 13), 

where T(13) = ^(13)^. Moreover, T (13) and r 7i7 are maximal. 



(3.33) 



(3.34) 
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In [N], Newman studied the maximal normal subgroups G of the modular group 
T; i.e. those normal subgroups G such that T/G is simple. The principal congruence 
subgroups r(p) of prime level p > 3 are such groups, since 

Y/Y(p)^PSL(2,p). 

However, these are not the only groups with quotient groups isomorphic to PSL(2,p). 
Newman showed that for a given p there are in general many normal subgroups G of 
different levels such that 

Y/G = PSL(2,p). 

Furthermore, those of level 7^ p are not congruence groups. It is well known that Y 
contains infinitely many normal subgroups of finite index which are not congruence 
groups. However, all of these groups have the common feature that they are lattice 
subgroups (in Rankin's terminology) of some normal congruence group, and so are not 
maximal. Newman's result implies that Y contains infinitely many maximal normal 
subgroups of finite index which are not congruence groups, a somewhat surprising fact. 
More precisely, Newman proved the following: 

Theorem 3.6. (see [N]). Suppose that the positive integer n satisfies 

(1) n = p or n\(p± l)/2, 

(2) (n,6) = l, 

(3) n > 5. 

Then there are elements A, B e PSL(2,p) such that A is of period 2, B is of period 3, 
AB is of period n, and PSL(2,p) = (A, B) . Suppose that n satisfies conditions (1), (2), 
(3). Then there is a maximal normal subgroup G n ofY such that G n is of level n, and 
Y/G n ^PSL(2,p). 

In fact, Newman constructed the homomorphism n : Y — > PSL(2,p) defined by 

(f) n : S i-> A, ST^B, 

where S = ( 1 j and T = ( ) , is actually a homomorphism of Y onto 



x 1 J V° l , 

PSL(2,p). Let G n be the kernel of 4> n . Then G n is a normal subgroup of Y and 

Y/G n = PSL(2,p). Since PSL(2,p) is simple, G n is a maximal normal subgroup of 

T. Furthermore the level of G n , which is the exponent of T modulo G n , is just n since 

4> n ■ T i-> AB and AB is of period n. The groups G n are certainly distinct, being 

of different levels, but are all of index \p{p 2 — 1) in Y with common quotient group 

PSL(2,p). 

In our case, p = 13 and n = 7 satisfy conditions (1), (2), (3) and n 7^ p. The group 
G7 described by the above theorem is thus a maximal normal subgroup of Y of index 
1092, and we need only show that G7 is not a congruence group. Suppose the contrary. 
Then G7, being of level 7, would have to contain the principal congruence subgroup 
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r(7), by Wohlfahrt's theorem [Wl]. This would imply that (T : G 7 )|(r : T(7)), or that 
1092 1 168. But this is false. Thus, Gj is a noncongrunce group. 

We will show that for or G-j with p = 13, there are three noncongruence sub- 
groups G\, G 2 , G 3 associated with it. Let Zi = x~ 1 y~ 1 (i = 1,2,3). Then 

yf = x\ = zj = ViXiZi = 1. (3.35) 

Note that 

Z! = PQ 2 P 10 ■ Q ■ PQ 2 P 10 , 

z 2 = (Q 5 P 2 . P 2 Q e P 8 ■ Q 5 P 2 ) ■ Q 2 ■ (Q 5 P 2 ■ P 2 Q 6 P 8 ■ Q 5 P 2 ), (3.36) 

Z3 = Q5p 2 . Q4 . Q 5p2 5 

where PQ 2 P 10 , Q 5 P 2 ■ P 2 Q 6 P 8 ■ Q 5 P 2 and Q 5 P 2 are three involutions. Hence, z x is 
conjugate to Q, z 2 is conjugate to Q 2 and zs is conjugate to Q 4 , i.e., zi, z 2 and zs 
are of type 7A, 7B and 7C, respectively. Thus, we get a correspondence between the 
presentations of G and conjugacy classes of G: 

(2, 3, 7; 7)< — >7A, (2, 3, 7; 6) i — > 7B, (2, 3, 7; 13) < — > 7C. (3.37) 

A smooth complex projective curve of genus g is a Hurwitz curve if its automorphism 
group attains the maximum order 84(g — 1). A group that can be realized as the 
automorphism group of a Hurwitz curve is called a Hurwitz group. Let p G Z be a 
prime and let q = p n . In [M2], Macbeath proved the following theorem. 

Theorem 3.7. (see [M2]). The finite group PSL(2,q) is a Hurwitz group if: 

(1) Q = 7; 

(2) q = p = ±1 mod 7; 

(3) q = p 3 , where p = ±2 or ±3 mod 7, 

and for no other values of q. In cases (1) and (3) t/iere is only one normal torsion free 
subgroup of the triangle group £2,3,7 with quotient PS L(2,q) . In case (2) there are three 
different such subgroups leading to three non-isomorphic Riemann surfaces X\, X 2 , X 3 
with PSL(2, q) acting as a Hurwitz group of conformal automorphisms. 

It is well known that there is a one-to-one correspondence between the equivalence 
classes of compact Riemann surfaces and the equivalence classes of algebraic curves. 
It is also true that compact Riemann surfaces of genus g > 1 with large automor- 
phism groups (in other words those Riemann surfaces with surface groups which are 
normally contained in some triangle group) correspond to algebraic curves defined over 
Q. Therefore we have a natural action of Gal(Q/Q) on these Riemann surfaces. For 
a Hurwitz curve X, one can consider the moduli field of X, i.e. the fixed field of 
{a E Gal(Q/Q) : X = X a }. In his paper [St], Streit proved the following: 
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Theorem 3.8. (see [St]). In cases (1) and (3), Q is the moduli field and hence 
a minimal field of definition of the Hurwitz curves with PSL(2,q) acting as group of 
conformal automorphisms. In case (2) the moduli field of X lf X 2 , A 3 is Q(( 7 + Cf 1 ), 
( 7 := exp(2yrz/7). There are elements a,r G Gal(Q/Q) such that X t ^ X% = X$. 

Let Ct2,3,7 be the triangle group of orientation-preserving transformations generated 
by reflections with angles 7r/2, n/3 and 7r/7, respectively, in H. Recall that G 2 ,3j has 
a presentation given by 

G 2 ,3,7 = {t, u, v : t 2 = u 3 = v 7 = tuv = 1). 

What Macbeath proved in [M2] is that there are three group homomorphisms 

Qi ■ G 2 ,3,7 -» G 

such that qi(v), with i = 1,2,3, belong to three different conjugacy classes of G (in 
fact, the conjugacy classes 7 A, 7B and 7C are fixed under the action of Aut(G)). As 
compact Riemann surfaces, we have Xi = H/A^ with Ni = ker(qi) and H is the universal 
covering of H/iVj. Thus, up to the permutation of three prime ideals, the Shimura curve 
realizations of the first Hurwitz triplet, which we denote by X\, X 2 and A3, correspond 
to the conjugacy classes 7 A, 7B and 7C, respectively. Now, we give the other realizations 
as noncongruence modular curves. 

Let fa : T — >■ PGL(6 7 C) be three representations where 

fa'.S^yi, ST^ Xl , T~ x ^Zi, (i = 1,2,3). (3.38) 



Let Yi — M/Gi be the compactification of H/Gj where Gi = ker^j. Then 

r/d = T/G 2 = T/G 3 = PSL(2, 13). (3.39) 

Gi, G 2 and G3 are noncongruence normal subgroups of level 7 of V. The actions of 
r/Gi, T/G 2 , r/G 3 and T/r(13) on Yi, y 2 , y 3 and A(13), respectively, are defined only 
over the cyclotomic field Q(C)- Note that, as a (2, 3, 13)-generated group, by Riemann- 
Hurwitz formula, we have 

2 S -2 = 109 2 (l-i-i-l). (3.40) 

Hence, g = 50, which is the genus of the modular curve A (13). As a (2, 3, 7)-generated 
group, by Riemann-Hurwitz formula, we have 

2^ - 2 = 1092 ^1 _ 1 _ I _ I V (3.41) 
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Hence g = 14, which is of genus of H/Gj for i = 1,2, 3. Therefore, Yi, Y 2 and Y" 3 must 
be Hurwitz curves. 

Following Wohlfahrt's paper [W2], we can give the other approach to compute the 
genus of Yj. Let $ be a subgroup of finite index m in V and X the associated Riemann 
surface of genus g and Hurwitz characteristic x = 2<7 — 2. Then 

6% = m — 6/i — 3e2 — 4e3, 

where /i denotes the number of classes of parabolic, and the number of classes of 
elliptic fixed points, of order k, of In our case, m = 1092, e 2 = 0, e 3 = 0, h = 156. 
Hence, x = 26, g = 14. 

By Theorem 3.7, there are only three Hurwitz curves with genus 14. Hence, Yi, Y 2 , Y3 
must be complex analytically isomorphic to Xi, X2, X3. Note that Xi, X2, X% corre- 
spond to the conjugacy classes 7 A, 7B, 7C, respectively, and Y\, Y 2 , Y 3 also correspond 
to the conjugacy classes 7 A, 7B, 7C, respectively. This implies that Yi is complex 
analytically isomorphic to Xi for i = 1,2, 3. Thus, we complete the proof of Theorem 
1.1. 



□ 



Recall that the theta functions with characteristic 



G M 2 is defined by the fol- 



lowing series which converges uniformly and absolutely on compact subsets of C x HI 
(see [FK], p. 73): 



9 



(z, r) = £ exp {2™ [l{n + l)\ + (n + i) 



The modified theta constants is defined by (see [FK], p. 215) 

Mr) = 0[ X l}(0,kr), 



where the characteristic xi 



21+1 

k 
1 



,1 = 0, 



fc-3 
' 2 



, for odd k and xi = 



21 
k 




I = 0, • • • , |, for even k. We have the following: 



Theorem 3.9. (see [FK], p. 236). For each odd integer k > 5, the map 
$ : r H> (</? (t),</?i(t),--- , (p^ (r), <£fe^3 (r)) 



/rom EI U Q U {c»} toC 2 , defines a holomorphic mapping from M/T(k) into CP 2 
In our case, /c = 13, the map 



$ : r H> {(p {r), (fi{r), ^ 2 (r), ^(r), <^ 4 (r), <^ 5 (r)) 
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gives a holomorphic mapping from the modular curve -X"(13) = H/r(13) into CP 5 , which 
corresponds to our six-dimensional representation, i.e., up to the constants, z\, ■ • • ,zq 
are just modular forms (po(r), • ■ • , <P5(t). 

4. Seven-dimensional representations of PSL(2, 13) 
and Jacobian equation of degree fourteen 

Let us study the action of ST U on the five dimensional projective space P 5 = 
{(zi,z 2 , z 3 , z 4 , z 5 , z 6 )}, where v = 0, 1, • • • , 12. Put 

« = C + C 12 -C 5 -C 8 , /3 = C 3 + C 10 -C 2 -C 11 , 7 = C 9 + C 4 -C 6 -C 7 - 

We find that 

13ST u ( Zl ) ■ ST u (z 4 ) 
=/3ziz 4 + <yz 2 z 5 + az 3 z 6 + 

+ 7C^i+"C z 2 +PC Zs-lC z 4 -a( z 5 - PC z 6 + 
+ (a- p)( 5u Zl z 2 + (p - 7 R 6 ^3 + (7 " a)C 2 ^i^3+ 
+ (p - a)( 8 »z 4 z 5 + (7 - p)( 7 "z 5 z 6 + (a- 1 )( llu z 4 z 6 + 

- (a + /3)Cz 3 z 4 -(p + 7 )C 9 ^i^5 - (7 + a)( 3v z 2 z 6 + 

- (a + /3)C 12 ^i^6 - 09 + 7)C 4 ^2^4 - (7 + a)C 10i ^5. 
13ST" (z 2 ) • ST^ 5 ) 

=7^1 Z 4 + aZ 2 -25 + /3-23-26 + 

+ aCz\ + P^z\ + 7 C 3 ^3 2 - «C 12 ^1 " /?C 4 ^I " 7C 10 % 2 + 
+ (/? - 7 R 5 ^2 + (7 - a)( 6l/ z 2 z 3 + (a - /?R 2 ^3+ 
+ (7 - /3R 8 ^5 + (a - 7)C 7 ^5^6 + (0 - a)C ll! ^6 + 

- (/? + i)Cz 3 z 4 - (7 + a)C 9 ^i^5 - (a + P)? v z 2 z % + 

- (/3 + 7)C 12 "*i*6 - (7 + «)C 4 ^2^ 4 - (a + /3R 10 ^ 5 . 
13^(z 3 )-^(z 6 ) 

=a^l^4 + + 7-23-^6 + 

+ /?C^1 2 + 7C 9 ^1 + «C 3 ^3 2 " /?C 12 % 2 - 7C 4 ^5 2 " «C 10 ^6 2 + 

+ ( 7 - a)( 5 "z 1 z 2 + (a - 'z 2 z 3 + (p - 7 )( 2 »z 1 z 3 + 
+ (a- 7 )C 8 ^4^5 + (P ~ a)( 7 »z 5 z 6 + (7 - P)( ni/ z 4 z 6 + 

- (7 + a)Cz 3 z 4 - (a + /3)C 9 ^i^5 - (P + 7)C 3 ^ 6 + 

- (7 + «R 12 ^6 - (a + /5)C 4 ^2^ 4 - (/3 + tK 10 "^- 
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Note that a + (3 + 7 = \/l3, we find that 

Vl3[ST»( Zl ) ■ ST»(z 4 ) + ST v (z 2 ) ■ ST»(z 5 ) + ST»(z 3 ) ■ ST»(z 6 )] 

= (Z1*4 + ^5 + Z 3 Zq) + {Czl + C V Z\ + C^zl) - {C 12V ZI + ^ z\ + ( W » z|) + 

- 2(Cz 3 z 4 + ( 9 »z 1 z 5 + ( 3 "z 2 zq) - 2(C 12u z lZ6 + ( 4 »z 2 z 4 + C Wu z 3 z 5 ). 

Let 

<Pcx(zi, Z 2 , Z 3 , Z 4 , Z 5 , Zq) = \fl3{z 1 Z 4 + Z 2 Z 5 + Z 3 Zq) (4.1) 

and 

<Pu{zi,Z 2 , Z 3 , Z 4 , Z 5 , Zq) = (f 00 (ST l/ (z 1 , Z 2 , Z 3 , Z 4 , Z 5 , Zq)) (4.2) 

for v = 0, 1, • • • , 12. Then 

<p u ={z\z 4 + z 2 z 5 + z 3 zq) + C{zl - 2z 3 z 4 ) + ( 4iy (-z 2 - 2z 2 z 4 ) + 

+ C 9u (4 - 2z lZb ) + ( 3 »(z 2 - 2z 2 zq) + e 2u {-z 2 4 - 2z iZ q) + C 10u (-z 2 q - 2z 3 z 5 ). 

(4.3) 

This leads us to define the following senary quadratic forms (quadratic forms in six 
variables): 

' A = Z\Z 4 + Z 2 Z 5 + Z 3 Zq, 

Ai = z\ - 2z 3 z 4 , 
A 2 = -z\ - 2z 2 z 4 , 
< A 3 = zl - 2zi^ 5 , (4.4) 

A 4 = z\ — 2z 2 Zq, 

A 5 = —z\ — 2z\Zq, 
k A 6 = -zl - 2z 3 z 5 . 

Hence, 

VttST" (Ao) = A + CM + C 4 "A 2 + C 9 "A 3 + C 3 "A 4 + C 12 "A 5 + C 10l/ A 6 . (4.5) 

Let 



Pi 


= c 2 


+ C U -2 + 2(C + C 12 


-c 9 


-C 4 ), 


P2 


= 2 - 


-C 9 -C 4 + 2(C 5 + C 8 - 


-c 2 - 


-c 11 ), 


P3 


= c 6 


+ C 7 -2 + 2(C 3 + C 10 


-c- 


-C 12 ), 


P4 


= c 5 


+ C 8 -2 + 2(C 9 + C 4 - 


-c 3 - 


-C 10 ), 


P5 


= 2 - 


-C 3 -C 10 + 2(C 6 + C 7 


-c 5 


-c 8 ), 


^6 


= 2 - 


-C-C 12 + 2(C 2 + C n 


-c 6 


-c 7 ). 



(4.6) 
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We find that 

' 135(Ai 



2V13A + piAi + p 2 A 2 + p 3 A 3 + P4A4 + P5A5 + PeA 6 , 
13S(A 2 ) = 2v / 13A +p 2 Ai +p 4 A 2 +p 6 A 3 + p 5 A 4 +P3A5 +PiA 6 , 
13S(A 3 ) = 2v / T3A + p 3 A 1 + p 6 A 2 + p 4 A 3 + Pl A 4 + p 2 A 5 + p 5 A 6 , 
135(A 4 ) = 2v / T3A + p^ + p 5 A 2 + Pl A 3 + p 3 A 4 + p 6 A 5 + p 2 A 6 , 
13S(A 5 ) = 2v / 13A +p 5 Ai +p 3 A 2 +P2A3 +p 6 A 4 +P1A5 +p 4 A 6 , 
13S(A 6 ) = 2v / 13A +p 6 Ai +piA 2 +P5A3 +P2A4 +;p 4 A 5 +p 3 A 6 , 



(4.7) 



Note that 



Pi = ' 


*/i3(C 2 + C u ), 


P2 = * 


/i3(C 9 + C 4 ), 


P3 = 1 

< 


/13(C 6 + C 7 ), 


p 4 = 1 


/13(C 5 + C 8 ), 


= 1 


/13(C 3 + C 10 ), 


k P6 = < 


^(C + C 12 )- 



(4.8) 



We obtain a seven-dimensional representation of the simple group PSL(2, 13) = (S,T) 
which induces from the action of S and T on the basis (A , Ai, A 2 , A3, A 4 , A 5 , A 6 ). Here 



S = 



f 1 


1 


1 


1 


1 


1 


1 


\ 


2 


c 2 + c n 


c 9 + c 4 


c 6 + c 7 


c 5 + c 8 


c 3 + c 10 


c+c 12 


2 


c 9 + c 4 


c 5 + c 8 


c + c 12 


c 3 + c 10 


c 6 + c 7 


c 2 + c n 




2 


c 6 + c 7 


c + c 12 


C 5 + C 8 


c 2 + c n 


C 9 + C 4 


c 3 + c 10 




2 


c 5 + c 8 


c 3 + c 10 


c 2 + c 11 


c 6 + c 7 


c+c 12 


c 9 + c 4 




2 


c 3 + c 10 


c 6 + c 7 


c 9 + c 4 


c+c 12 


c 2 + c n 


C 5 +C 8 




V2 


c+c 12 


c 2 + c 11 


c 3 + c 10 


c 9 + c 4 


C 5 + C 8 


c 6 +c 7 


/ 



(4.9) 



and 



T = 



-12 



V 



(4.10) 



c 10 / 



We have 



Tr(S) = -1, Tr(T) = 1±^2 ? Tr(ST) = 1. 



(4.11) 
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Hence, our seven-dimensional representation corresponds to the character % 3 in Table 
1. In fact, for a prime q = 1 (mod 4), Klein and Hecke obtained an r = \{q + 1) 
rowed matrix representation of the finite group r/F(q) by means of matrices whose 
elements are in the cyclotomic field generated by e 27Tl / q (see [K3] and [He]). When 
q = 13, it is just our seven dimensional representation. However, our seven dimensional 
representation is induced from a six dimensional representation, which does not appear 
in Klein and Hecke's papers [K3] and [He]. Furthermore, our representation involves 
invariants A , • • • , A 6 , which they did not study. 

Now, let us recall some facts about theta functions over number fields and Hilbert 
modular forms (see [E] and [Hi], pp. 796-798). Consider the field K = Q(C) where 
£ = e 2 Wp. L e t k = Q(C + C -1 ) be the real subfield. Let D be the ring of integers in 
K, and let be the principal ideal of £> generated by the element 1 — (. Since k is the 
real subfield of K and [k : Q] = there exist exactly distinct real embeddings 
<j\ : k — > R, I = 1, • • • , . each of these o\ is of the form ( + C _1 h-> ( a + (~ a for a 
suitable integer a. In particular, one has o~i(k) = k. Hence the ai form a group (with 
respect to composition), the Galois group of k over Q. We denote it by G. Consider 
the product 

H^=Hx-xI ((p- l)/2 times) 

of upper half planes. Let z = (z±, ■ • • , Z( p _iy 2 ) be a point of H^a - . We define the 
theta function 0j(z) depending on variables z\ G H by 

e 3 (z):= e 2 ™ Tr ^f), 

for j = 0, 1, • • • , where 

/ ZI\ <JI{XX) 

h/Q \ Z T ) := U Zl ' ~p~' 



The function 6j is holomorphic in z G 

Let Dfc be the ring of integers in k. The group SL 2 (Dk) is the group of all 2x2- 
matrices 




with entries a, /?, 7, 5 G and with determinant a 5 — ^7 = 1. This group operates on 

H (p-l)/2 by 

az + (3 cfi{a)zi + er z (/3) _ ^ p - 1 

7^ + (T 0^(7)^ + 07 (5) ' 2 
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The norm N k /Q,(a) of an element a G k over Q is defined by 

(p-i)/2 

N k /Q(a) := JJ 07(a)- 
1=1 

For ^ G H^" 1 )/ 2 , 7, 5 G D fc we define 

(p-1)/2 

Wfc/<l(7* + <*)== J] (<Ti(-y)zi + <Ti(S)). 
i=i 

If (T G G we set cr(z) = (z e (i), • • • , z : tp-i\), where e denotes that permutation of the 

indices 1, • • • , such that o~i o a = a e ^ for 1 < I < E ^-- Finally let V be a subgroup 
o{SL 2 (Q k ). 

Definition 4.1. A holomorphic function / : H^ -1 ^ 2 — > C is called a Hilbert modular 
form of weight m for T, if 



a (3 
7 5 



g r. 



It is called symmetric, if f(a(z)) = f(z) for all a G G. 
Let p be the ideal p := <p n £> fc of D k . Then 

p = (c+r 1 -2) = ((c-i)(r 1 -i))- 

Moreover, 

= (p)- 

We define 

T(p) := | ^ ^ G SL 2 (D fc ) : a = * = 1 (mod p),/3 = 7 = (mod p)| , 
r (p):= ^ G,SL 2 (D fe ):7 = 0(modp)|. 



Then we have the following result. 

Theorem 4.2. (see [E]). The 
form of weight 1 for the group T(p). Moreover one has 



Theorem 4.2. (see [E]). The function 6j, j = 0, 1, • • • , , is a Hilbert modular 
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Note that the group SL(2,¥ P ) acts on the ^ — dimensional vector space over C 
generated by the 9j. For p = 1 mod 4 this is an action of PSL(2,¥ P ). 

Now let C C ¥ p be a self-dual code. We have n(p — 1) = (mod 8). Let Tc be the 
lattice constructed from C. Then Tc is an even unimodular lattice of rank n(p — 1). 
By the definition of the symmetric bilinear form on Tc, the usual theta function of the 
lattice is the function 

c (z) = e 27TlzTrk ^f\ where z£l 
xer c 

This is a modular form in one variable z G HI. Now Tc is not only a Z-module, but 
also an D^-module. As above we can define a theta function in several variables. For 
z e H^" 1 )/ 2 define 

e c (z):= e 2 " Trfe/o(zf) - 
xeT c 

Theorem 4.3. (see [E]). The function 9c is a Hilbert modular form of weight n for 
the whole group 6X2 (£)&)• 

Note that the Hilbert modular forms 9j and 9c are symmetric (in the sense of the 
definition above) . This is due to the fact that the lattices and Tc are invariant under 
the obvious action of the Galois group of Q(C) over Q. 

The Lee weight enumerator of a code C C F™ is the polynomial 

W c (X , Jd,..., X^) := X 1 0(U) X[ 1(U) ■ ..X l ^ /2(u \ 

uec 

where Iq(u) is the number of zeros in u, and h(u), for i = 1, • • • , is the number of 
+i or — i occurring in the codeword u. This is a homogeneous polynomial of degree n. 

We can now formulate the main theorem of G. van der Geer and F. Hirzebruch. 

Theorem 4.4. (van der Geer and Hirzebruch). (see [E]). Let C C be a code 
with C C C 1 - . Then the following identity holds: 

9c = W c (0oA,--- • 

The polynomial Wc (9o, 6>i, • • • , 9p^i j is an invariant polynomial for the above men- 
tioned representation of dimension ^4^- of the group SL(2,¥ p ). 

For p = 3, k = Q. The well-known result of Broue and Enguehard drops out. Namely, 
the Hamming weight enumerator Hc(9q,9i) is a polynomial in the modular forms E4, 
El of SL(2, Z) where 

E4 = 9q + 8^o^i? Eq = ^0 — 209^9^ — 8^^. 
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For p = 5, k = Q(v / 5)- In his paper [Hil], Hirzebruch proved that the ring of 
symmetric Hilbert modular forms for SL 2 (Ok)(\/5) equals C[A , A\, A 2 ] where the Klein 
invariants Aq, A±, A 2 (see [K]) have weight 1. He proved that the ring of symmetric 
Hilbert modular forms for SL 2 (Ok) of even weight equals C[A, B, C] where A, B, C are 
the Klein invariants of degrees 2, 6, 10 (see [K]). One has Aq = 9q, A\ = 26\, A 2 = 29 2 . 
Using the 3-dimensional representation of P5 , L(2,F 5 ) = (S,T) constructed by Klein 
(see[K]): 

12 2 



S= -4= I 1 e + e 4 e 2 +e 3 
1 e 2 + e 3 e + e 4 



V5 





n 







). f.| 





e 2 






\o 








where e = e 27 ™/ 5 , one can obtain the MacWilliams identity for Lee weight enumerators 
of codes over F 5 : 

/ X + 2X X + 2X 2 

W c ± (X , X u X 2 ) = const Wei X + (e + e 4 )X x + (e 2 + e 3 )X 2 

\X + (e 2 +e 3 )X 1 + (e + e 4 )X 2 

For p = 7, the corresponding Hilbert modular variety of dimension 3 was inves- 
tigated by E. Thomas. The invariant theory for the above mentioned 4-dimensional 
representation of SX(2,F 7 ) enters (see [MS]). 

In our case, p = 13. Up to the constants, our invariants Ao, are just 6>o, 

• • • , 9q. Using our 7-dimensional representation of PSL(2,Fi 3 ) = (S,T) constructed as 
above, we get the MacWilliams identity for Lee weight enumerators of codes over Fi 3 : 

W c ^ (X , X U X 2 , X 4 , X 5 , X 6 ) = const • W c [(X , X u X 2 , X 4 , X 5 , X 6 )S^j . (4.12) 

In [Kl], Klein obtained the modular equation of degree fourteen, which corresponds 
to the transformation of order thirteen: 

J : J - 1 : 1 =(r 2 + 5r + 13)(r 4 + 7r 3 + 20r 2 + 19r + l) 3 

:(r 2 + 6r + 13)(r 6 + 10r 5 + 46r 4 + 108r 3 + 122r 2 + 38r - l) 2 
:1728r, 



Note that the Hauptmodul J can be defined over the real quadratic field Q(yl3): 

t 4 + 7t 3 + 20t 2 + 19r + 1 

2 7 + ^ 11 + 3^^ / o 7-^13 11-3^ 
t 2 + r + r 2 + r + 
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r b + 10t° + 46r 4 + 108r J + 122r 2 + 38r - 1 

, „ o 21 — a/13 3 + ^^ / 3 _ 2 21 + a/13 3-vl3' 
r 3 + 5r 2 H -+ rH r + 5r H r + 



Let us confine our thought to an especially important result which Jacobi had established 
as early as 1829 in his "Notices sur les fonctions elliptiques" (see [K]). Jacobi there 
considered, instead of the modular equation, the so-called multiplier-equation, together 
with other equations equivalent to it, and found that their (n + 1) roots are composed 
in a simple manner of elements, with the help of merely numerical irrationalities. 
Namely, if we denote these elements by Ao, Ai, ■ ■ • , An-i , and further, for the roots 
z of the equation under consideration, apply the indices employed by Galois, we have, 
with appropriate determination of the square root occurring on the left-hand side: 



\fzZ= y(-l) 2 -n- Ao, 
Jz~ = A + e"A 1 + e 4u A 2 + ■■■ + e'^^A-i 



for v = 0, 1, • • • , n — 1 and e = . Jacobi had himself emphasized the special sig- 
nificance of his result by adding to his short communication: "C'est un theoreme des 
plus importants dans la theorie algebrique de la transformation et de la division des 
fonctions elliptiques." Now, we give the Jacobian equation of degree fourteen which 
corresponds to the above modular equation of degree fourteen. 
Let H = y 2 ■ S. Then 



H = Q 5 P 2 ■ P 2 Q°P 8 • Q a P A ■ P 6 Q = 



)2n6n8 



5 D 2 



1 

























1 




















1 











-1 











-1 

















V o 


-1 











0/ 



(4.13) 



Note that 



1 


-i 











\ 








-1 











-1 

















: o 











-1 




















-1 


V 








-1 





/ 



/0 





1 
1 

Vo o i 



■1 

-1 
















\ 



-1 



/ 



and H 6 = —I. In the projective coordinates, this means that H 6 = 1. We have 



H~ 1 TH = — T 4 . 
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Thus, (H, T) = Zi 3 xi Z 6 . Hence, it is the maximal subgroup of order 78 of G with index 
14 (see [CC]). We find that pP^ is invariant under the action of the maximal subgroup 
(H,T). Note that 

^ = Vl3A , ^ = A + CM + C 4 "A 2 + C 9 "A 3 + C 3 "A 4 + C 12 "A 5 + C 10 "A 6 

for v = 0, 1, • • • , 12. Let w = </? 2 , Woo = and w v = ip^. Then Wqo, w v for v = 
0, • • • ,12 form an algebraic equation of degree fourteen, which is just the Jacobian 
equation of degree fourteen, whose roots are these w u and w^: 

w 14 + aiw 13 + ■ ■ ■ + aisw + ai 4 = 0. 

In particular, the coefficients 

12 12 

«i4 = A • II & = 13A o II ( A ° + CAi + C 4 "A 2 + C 9 ^A 3 + C 3!y A 4 + C 12 ^A 5 + C 10iy A 6 ) 2 , 

i/=0 i>=0 

and 

12 

-ai = Woe + w » = 26 ( A o + AiA 5 + A 2 A 3 + A 4 A 6 ). (4.14) 

i/=0 

In fact, the invariant quadric L := A 2 , + A1A5 + A 2 A 3 + A 4 A 6 is equal to 

2 [(^4 + Z X z\ + Z 2 Zq) - (zqz\ + Z A zl + Z^zl) + 3(Z 1 Z 2 Z 4 Z 5 + Z 2 Z 3 Z 5 Z 6 + ZzZxZqZ^)] . 

(4.15) 

Hence, the variety L = is a quartic four-fold, which is invariant under the action of 
the simple group G. 

5. Fourteen-dimensional representations of PSL(2, 13) 
and canonical model of the first Hurwitz triplet 

Note that the Hurwitz curves of genus 14 are are non-hyperelliptic. Hence, we need 
to study their canonical models in P 13 . There are g(g + l)/2 — (3g — 3) = 66 quadratic 
homogeneous polynomials in 14 variables vanishing identically on the Hurwitz curve of 
genus 14. This leads to a fourteen-dimensional representation on P 13 . Now, we construct 
such a representation which is induced from our six-dimensional representation. 
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We have 

- 13Vl3ST v ( Zl ) ■ ST u (z 2 ) ■ ST u (z 3 ) 



-13 3v/g (C 8^3 + + cll „ 4) _ 13 + 3^ ^3 + fu 4 + ^ 



- ^-13 + 2v / 13(C 12 ^^2 + C 4 ^2^3 + C^^l) 

- ^-13-2^(^5 + C 9 ^5^6 + C 3 % 2 ^4) 

+ 27-13-2^(^1^ + Cz 2 z 2 + C^zszl) 

- 2^-13 + 2v / 13(C 1 °^5 + C 12 ^5% 2 + C 4 ^6^1) 

+ 2 J ~ 13 ~ 3V/ ^ (C 7 ^4 + C n ^2^5 + C 8 %^6) + 



13 + 3VT3 2 , 2;/, 2 , ,■-.-„/, ,2 



-(C^I + C^ + C^H 



+ 7-13 - 2Vu(( 3 »z 2 lZ5 + C^\z % + ( 9l/ z 2 z 4 ) + 
+ 7-13 + 2v / T3(C 10 ^2^ 4 2 + ( 12 "z3z! + C 4u z lZ 2 6 )+ 

+ \ - 13 + 3 V / 13 (C 6^ 6 + C 2^ Z4 + C 5,^ Zb) + 



+ V 13 /^ (C^f + C^^f + C 8 ^2% 2 ) + 
+ [2(01 - 3 ) - 3(0 2 - 4 )} Zl Z 2 Z 3 + P(^4 - 02) " 3(01 - 3 )]*4*5*6 + 

" 13 ~ 3V ^ (C 11 ^1^ + C*" W5 + C^l^H 



+ \l 13+ 2 3V ^ (C 2l/ z lZ4 z 5 + ( 5 »z 2 z 5 z 6 + ( 6 »z 3 z 4 z 6 )+ 



■Ml 43 3v/l3 (C 7 ^i^ 2 ^ + C 11 " We + C":,::.,:,)- 



+ 3\/ " 13 + 3V/T3 (C 6 ^2^ 4 ^5 + ^^3*5*6 + ( 5U Z lZ4 Z 6 ) + 



-13 + 2v / 13(C 1 °^1^2^6 + ^1*3*5 + C 12 ^2^3^ 4 ) + 

+ 7-13 - 2 V / 13(C 3 ^3^5 + ( 9 "z 2 z 4 z 6 + C Zl z 5 z 6 ). 
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This leads us to define the following senary cubic forms (cubic forms in six variables): 



' ©0 




2122*3, 




Di 


= 


2^2 z\ ~^ Z 2 Z 6 


- Z4Z5 + Z1Z5ZQ, 


D 2 


= 


— Zq + z\z^ — 


2z 2 z\ + Z1Z4Z5 + 3zsZ 5 Zq, 


D 3 


= 


2z\z\ + z\z§ 


- z,zl + Z 3 Z 4 Z 5 , 


D 4 


= 


2 , 2 
— Z 2 Z3 + ZiZ 6 


-2zjz 6 -z 1 z 3 z 5 , 


D 5 


= 


z\ + Z3Z5 


22 3 2 6 + Z2Z5Z6 + 3Z1Z4Z6, 


D 6 


= 


-zl + z\z & - 


2z± + Z3Z4ZQ + 3Z2Z4Z5, 


< 

1 


= 


— Zn ~\~ ZiZa — 


Za Z^kZp. — 3^1 ZoZk. -\- 2^? Za* 

1 O u A_ Z, O • _L ^ 7 


D 8 




— Z 1 + Z2Zq — 


22*325 — 32i2 3 2 4 + 22:32:6, 


D 9 




2z\z$ + z\z^ 


- Z^Zq + Z2Z/±Zq, 


D 10 




2 1 2 
—Ziz% + Z2Z4 


- 2z,z\ - z lZ2 z 6 , 


D n 




-zl + z x z\- 


Z1Z2Z4 — 3z 2 z 3 z 6 + 2z 2 z 5 , 


D12 




2 , 2 
— Z X Z2 + ZsZ 5 


- 2z 5 z 2 6 - z 2 z 3 z 4 , 






Z4Z5Z6. 





(5.1) 



Let 

r = 2(9 1 - 9 3 ) - 3(9 2 - 4 ), = 2{9 A - 9 2 ) - 3(9 1 - <9 3 ), 

and 

n = V -13 - 2^13, r 2 = W > r 3 = V " 13 + 2^/13, ^ = W . 

Then 

- 13v / 13S'T ,/ (Do) 

=r © + riCDi + r 2 C 2 "©2 + nC^Ds + r 3 C 4 "D 4 + r 2 C 5l/ ©5 + r 2 C 6l/ »6+ 

+ r 4 C 7 "©7 + r 4 C 8 "© 8 + riC 9l/ D 9 + r 3 C 10 "Dio + r 4 C n "©ii + r 3 C 12 "0 12 + r^D^. 

-13«s/T3S(Doo) =roo©o - r 3 Oi - r 4 © 2 - r 3 © 3 + riD 4 - r 4 © 5 - r 4 D 6 + 

+ r 2 © 7 + r 2 © 8 - r 3 © 9 + riD i0 + r 2 ©n + r{B 12 - ro©^. 

Moreover, we have 

-13>/l35(Di) =13riD + + ?2©2 + Q3©3 + 44©4 + Q5©5 + ?6©6 + 

+ q 7 ©7 + 38©8 + 39D9 + Q10O10 + gnDii + Q12O12 - 13r 3 Ooo, 
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where 

' qi = -2(C - C 12 ) - 2(C 5 - C 8 ) + 6(C 3 - C 10 ) - (C 2 - C 11 ) + 4(C 9 - C 4 ) + 2(C 6 - C 7 ), 

q 2 = -4(C - C 12 ) + 3(C 5 - C 8 ) + 3(C 3 - C 10 ) - (C 2 - C 11 ) - 2(C 9 - C 4 ), 

93 = 6(C - C 12 ) - (C 5 - C 8 ) + 4(C 3 - C 10 ) + 2(C 2 - C U ) - 2(C 9 - C 4 ) - 2(C 6 - C ? ), 

q 4 = -2(C - C 12 ) + 4(C 5 - C 8 ) + 2(C 3 - C 10 ) - 2(C 2 - C 11 ) + (C 9 " C 4 ) + 6(C 6 - C 7 ), 

96 = -2(C - C 12 ) - 4(C 3 - C 10 ) + 3(C 2 - C 11 ) + 3(C 9 - C 4 ) - (C 6 - C 7 ), 

qe = 3(C - C 12 ) - (C 5 - C 8 ) - 2(C 3 - C 10 ) - 4(C 9 - C 4 ) + 3(C 6 - C ? ), 

q 7 = (C - C 12 ) + 3(C 5 - C 8 ) - 2(C 2 - C 11 ) - 3(C 9 - C 4 ) - 4(C 6 - C 7 ), 

qs = -2(C 5 - C 8 ) - 3(C 3 - C 10 ) - 4(C 2 - C 11 ) + (C 9 " C 4 ) + 3(C 6 - C 7 ), 

q 9 = 4(C - C 12 ) + 2(C 5 - C 8 ) - 2(C 3 - C 10 ) " 2(C 2 - C 11 ) + 6(C 9 - C 4 ) - (C 6 - C 7 ), 

gio = (C - C 12 ) + 6(C 5 - C 8 ) - 2(C 3 - C 10 ) + 4(C 2 - C 11 ) + 2(C 9 - C 4 ) - 2(C 6 - C 7 ), 

911 = -3(C - C 12 ) - 4(C 5 - C 8 ) + (C 3 - C 10 ) + 3(C 2 - C 11 ) - 2(C 6 - C 7 ), 

. 912 = 2(C - C 12 ) - 2(C 5 - C 8 ) + (C 3 - C 10 ) + 6(C 2 - C 11 ) - 2(C 9 - C 4 ) + 4(C 6 - c 7 ). 

(5.2) 

Similarly, we obtain 

-13a/13S(D 2 ) =26r 2 % + 292% - 94% + 2q 6 3 3 + 2g 8 % - 9io% - 9i2%+ 

+ qi 3 7 + 93% + 2q 5 3 9 + 2q 7 3 10 + g 9 D n + 2guDi 2 - 26r 4 Poo. 

-13a/135(D 3 ) =13r!D + ?3% + %% + 99% + 9l2% + 92% + ?5% + 

+ 9 8 % + g n D 8 + qi B g + qj} 10 + q 7 B n + 9io%2 - 13r 3 %o, 

-13«s/l3S(B 4 ) =13r 3 % + qj$i + 9s% + 9i2% - 93% + 97% + 911%+ 

- 9 2 D 7 - 9 6 D 8 + 9i D 9 - 9i%o - 95%i - 99%2 + 13n%o, 

-13a/135(D 5 ) =26r 2 D + 295©! - q 10 B) 2 + 2q 2 B 3 + 2q 7 B) 4 - q 12 B) 5 - 9 4 D 6 + 

+ 99O7 + 9i% + 296% + 2911D10 + 93%i + 298©i2 - 26r 4 Doo- 

-13>/l35(D 6 ) =26r 2 D + 295©! - 9 12 D 2 + 295D3 + 2guD 4 - 94% - 9io%+ 

+ 93D7 + 9 9 D 8 + 29 2 D 9 + 29 8 Dio + 9i%i + 2q 7 3 12 - 26^0^. 

-13v / 13^(%) =26r 4 % + 29 7 D! + 9xD 2 + 29 8 D 3 - 29 2 D 4 + 9 9 D 5 + q 3 B> 6 + 

+ 910O7 + 94% + 2911% - 295O10 + 9i2%i - 29 6 Di 2 + 26r 2 Doo- 

-13v / 13^(%) =26r 4 % + 2q 8 B) 1 + 93% + 2911% - 2g 6 % + 9i% + 99%+ 

+ 94% + 912% + 297% - 29 2 Di + 9io%i - 295^12 + 26r 2 %o. 
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-13Vl3S{3 9 ) =13n© + 99D1 + q 5 B 2 + qiB 3 + q 10 B 4 + q 6 B 5 + q 2 B 6 + 

+ qi 3 7 + q 7 3 8 + q 8 B 9 + q 12 B 10 + q s Bu + q 4 B 12 - 13r 3 I3>oo, 

-13a/135(Di ) =13r 3 D + 9ioE>i + 97©2 + 94D3 - 9i©4 + gii© 5 + 98©6+ 

- q 5 3 7 - q 2 3 8 + q 12 B> 9 - q 9 B> 10 - q 6 B n - q 3 B> 12 + lSnB^, 

-13Vl35(Dii) =26r 4 D + 2guDi + q 9 B> 2 + 2q 7 B 3 - 2g 5 D 4 + 93©5 + 9i©6+ 

+ q 12 B) 7 + q 10 B) 8 + 2g 8 D 9 - 2q 6 B) 10 + g 4 Dn - 2g 2 D 12 + 26r 2 Doo- 

-13v / 13^(©i 2 ) =13r 3 D + gi 2 Di + 9n»2 + 9io©3 - 9gD 4 + 98©5 + 97©6+ 

- q 6 3 7 - q 5 3 8 + g 4 D 9 - 93©io - 92©ii - 9i©i2 + 13riDoo. 

Hence, we get the element S which is induced from the action of S on the basis 
(D ,--- ,Doc): 
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(5.3) 



Similarly, the element T is induced from the action of T on the basis (Dq, • • • , 0^): 

f = diag(i, C, C 2 , C 3 , C 4 , C 5 , C 6 , C 7 , C 8 , C 9 , C 10 , C 11 , C 12 , i). (5.4) 



We have 

Tr(S) = 0, Tr(T) = 1, Tr (ST) = -2. (5.5) 

Hence, this fourteen-dimensional representation corresponds to the character xi5 i n 
Table 1. It is defined over the cyclotomic field Q(C)- 
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